Abstract-This paper deals with Approximate Analytical Solutions to nonlinear oscillations of a conservative, non-natural, single-degreeof-freedom system with odd nonlinearity. By extending the Variational approach proposed by He, we established approximate analytical formulas for the period and periodic solution.
INTRODUCTION
Recently, considerable attention has been directed towards analytical solutions for nonlinear equations without small parameters. Many new techniques have appeared in the literature, such as perturbation techniques [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , harmonic balance method [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , energy balance method [24] [25] [26] [27] [28] , He's variational iteration method [29] [30] [31] [32] , and variational approach [33] [34] [35] [36] . In this paper, we apply the variational approach to the Nonlinear Oscillators.
DESCRIPTION OF HE'S VARIATIONAL METHOD
In 2007, He [35] suggested a variational approach which is different from the known variational methods in open literature. Hereby we give a brief introduction of the method:
Its variational principle can be established using the semi-inverse method [38] :
where T is period of the nonlinear oscillator, ∂F /∂u = f . Assume that its solution can be expressed as:
where A and ω are the amplitude and frequency of the oscillator, respectively. Substituting (3) into (2) results in:
Applying the Ritz method, we require:
But with a careful inspection, for most cases we find that:
Thus, we modify conditions (5) and (6) into a simpler form:
from which the relationship between the amplitude and frequency of the oscillator can be obtained.
THE MOTION OF A RIGID ROD ROCKING BACK
In this section, we present the motion example of a rigid rod rocking back and forth on the circular surface without slipping. To illustrate the applicability, accuracy and effectiveness of the proposed approach, the governing equation of motion can be expressed as [39, 40] :
where g > 0 and l > 0 are known positive constants. For its variational form reads:
Substituting u(t) = β cos ωt into (10), we obtain:
The stationary condition with respect to β reads:
Solving (12), we have:
CUBIC-QUINTIC DUFFING EQUATIONS
Now, we consider the nonlinear cubic-quintic Duffing equations, which read [41] :
With the boundary conditions of:
Its variational formulation is:
Proceeding in a similar way as before, we have: 
From (17), we obtain the following approximate frequency:
DISCUSSION
In order to compare, we write the exact solutions for previous examples governed by Eqs. (9) and (15) that can be derived as shown in Eqs. (22) and (23), respectively [40, 42] .
The Exact period T ex for (9) is:
The Exact frequency ω ex for the Cubic-Quintic Duffing oscillator is:
The above results are in good agreement with the results obtained by the Exact solution in [40] as illustrated in Figs. 1 and 2 . Comparison between analytical Variational approach and the Exact solutions for previous nonlinear oscillators are given in Tables 1 and 2 , respectively. Table 1 . Comparison between analytical variational approach and exact solutions for the motion equation (15) , when g = l = 1. 
CONCLUSION
In this paper, we applied He's Variational approach to the Motion of a Rigid Rod Rocking Back and Cubic-Quintic Duffing Oscillators. We conclude from the results obtained that Variational approach is extremely simple in its principle, easy to apply, and gives good accuracy even with the first-order approximation and the simplest trial functions. Comparison made with the Exact solutions shows that the method provides a powerful mathematical tool to the determination of more complex nonlinear systems.
